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SOME COROLLARIES OF MANTUROV’S PROJECTION
THEOREM
VLADIMIR V. CHERNOV
Abstract. In our works with Stoimenow, Vdovina and with Byberi, we in-
troduced the virtual canonical genus gvc(K) and the virtual bridge number
vb(K) invariants of virtual knots. One can see from the definitions that for
a classical knot K the values of these invariants are less or equal than the
classical canonical genus gc(K) and the bridge number b(K) respectively. We
use Manturov’s projection from the category of virtual knot diagrams to the
category of classical knot diagrams, to show that for every classical knot type
K we have gvc(K) = gc(K) and vb(K) = b(K).
1. Introduction
We work in the C∞ category and the word “smooth” means C∞.
The Virtual Knot Theory was introduced by L. Kauffman [4], one of the possible
uptodate references is [7]. Let us recall some of the basic notions of virtual knot
theory.
A knot is a smooth embedding S1 → R3. A knot can be described by a knot
diagram which is a generic immersion S1 → R2 equipped with information about
under-passes and over-passes at double points. The sign of a double point d is + if
the 3-frame consisting of the velocity vector of the over-passing branch, the velocity
vector of the under-passing branch and the vector from the preimage of d on the
under-passing branch to the preimage of d on the over-passing branch gives the
positive orientation of R3. Otherwise the sign of d is −.
A knot diagram D gives rise to a Gauss diagram GD which is a circle parame-
terizing the knot with each pair of preimages of double points of D connected by
an oriented signed chord. The chords are oriented from the preimage of the double
point on the over-passing branch to the preimage of the double point on the under-
passing branch. The sign of a chord is the sign of the corresponding double point.
The resulting Gauss diagram GD is the Gauss diagram of the knot diagram D.
Gauss diagrams that are obtainable as Gauss diagrams of some knot diagrams
are called realizable. A knot diagram corresponding to a realizable Gauss diagram
can be recovered only up to a certain ambiguity. However the isotopy type of the
corresponding knot is recoverable in a unique way, see Goussarov-Polyak-Viro [2].
It is well-known that two knots described by their knot diagrams are ambient
isotopic if and only if one can change one diagram to the other by a sequence of
ambient isotopies of the diagram and of Reidemeister moves. Reidemeister moves
can be easily encoded in the language of Gauss diagrams, see for example [2]. The
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equivalence classes of the, not necessarily realizable, Gauss diagrams modulo the
resulting operations on Gauss diagrams are called virtual knots.
We say that a virtual knot K˜ is realizable by a classical knot K if for a planar
diagram D of K we have that the Gauss diagram GD represents the virtual knot
K˜. (So in this paper the word realizable could refer to both virtual knots and Gauss
diagrams. The meaning of the word realizable should be clear from the context.)
Every Gauss diagram G can be realized by a virtual knot diagram D˜ which
is similar to the classical knot diagram, but some of the crossings are virtual.
Virtual crossings are marked by small circles and the notion of the under-passing
and overpassing branch at the virtual crossing is not defined. Such virtual knot
diagram D˜ is not unique, but every D˜ gives rise to a unique Gauss diagram G
D˜
which is constructed similarly to GD, but all the virtual crossings are ignored and
do not give rise to any chords. One can define virtual Reidemeister moves for virtual
knot diagrams so that the equivalence classes of virtual knot diagrams modulo these
moves are the virtual knots, see [4].
The results of our work use the following Theorem of Manturov [6, Theorem 4]
that proves the existence of a projection from the category of virtual knots to the
category of classical knots.
1.1. Theorem (Manturov). There is a well defined map proj from the set of all
Gauss diagrams to the set of realizable Gauss diagrams such that:
(1) If two Gauss diagrams G1 and G2 are equivalent, then so are the realizable
Gauss diagrams proj(G1) and proj(G2).
(2) The Gauss diagram proj(G) is obtained from G by removing some chords.
(3) If the Gauss diagram G is realizable, then proj(G) = G.
The classical crossing number cl(K˜) of a virtual knot K˜ is the minimal number
of (non-virtual) crossings in a virtual diagram D˜ of K˜. The crossing number cr(K)
of a classical knot K is the minimal number of crossings in a (non-virtual) planar
diagram of K. Clearly if a virtual knot K˜ is realizable by a classical knot type
K, then cl(K˜) ≤ cr(K). Using Theorem 1.1 Manturov [6, Corollary 1] proved that
cl(K˜) = cr(K).
We use Manturov’s projection Theorem 1.1 to prove equalities between the vir-
tual bridge number and bridge number of a classical knot, and of the virtual canon-
ical genus and the canonical genus of a classical knot.
2. Equality of the virtual canonical genus and of the canonical
genus invariants for classical knots
Let G be a Gauss diagram. Substitute the core circle of G by an annulus whose
core is the circle, and substitute the chords by non-intersecting thing strips attached
to the annulus in such a way that the resulting surface with boundary is orientable.
We denote the resulting ribbon surface by F ′
G
. Glue the connected components of
the boundary of F ′
G
with disks to get a closed oriented surface FG. Note that this
surface does not depend on the number of twists in the glued strips as soon as the
result is orientable. One can show [11, Theorem 2.5] that if G = GD is the Gauss
diagram of the classical knot diagram D, then the genus of FG is equal to the genus
of the canonical Seifert surface obtained by applying the Seifert algorithm to D,
see [9, page 120].
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Recall that for a knot type K, the canonical genus gc(K) of K is the minimum
genus of the canonical Seifert surface of a knot diagram D of K. The minimum
is taken over all diagrams D of K. The genus of K is the minimal genus of a
Seifert surface (that does not have to come from a Seifert algorithm) for a knot
realizing K. Moriah [8] showed that the difference between g(K) and gvc(K) can be
arbitrarily large, that is for every n ∈ N there exists a classical knot K such that
gc(K)−g(K) > n. Results in the similar spirit were later obtained by Kawauchi [3],
Stoimenow [10], see also Kobayashi and Kobayashi [5].
2.1. Definition. Following [11] we define the canononical virtual genus gvc(K˜) of
the virtual knot type K˜ to be the minimum of the genera of FG taken over all the
Gauss diagram G realizing K˜.
From the definition of gvc(K˜) and [11, Theorem 2.5] it is clear that if K˜ is
realizable by a classical knot K, then gvc(K˜) ≤ gc(K), see [11, Corollary 2.8].
We prove the following Theorem.
2.2.Theorem. If a virtual knot K˜ is realizable by a classical knot K, then gvc(K˜) =
gc(K).
Proof. Let D˜ be a virtual diagram for K˜ such that the genus of FG
D˜
is equal to
gvc(K˜). By Theorem 1.1 the realizable Gauss diagram proj(GD˜) represents the
classical knot K. So the genus of Fproj(G
D˜
) equals to the genus of the canonical
Seifert surface for the knot diagram associated to the realizable Gauss diagram
proj(G
D˜
) ofK. Thus the genus of Fproj(G
D˜
) is at least gc(K). Since gvc(K˜) ≤ gc(K),
to prove the Theorem it suffices to show that the genus of Fproj(G
D˜
) is less or equal
to the genus of FG
D˜
.
Assume that a Gauss diagram G1 is obtained from G2 by deleting one chord.
Let us compare the genus of FG1 and of FG2 . The ribbon surface F
′
G1
will have one
less strip than F ′
G2
, so χ(F ′
G1
) = χ(F ′
G2
) + 1, where χ is the Euler characteristic.
If the two edges of the strip in F ′
G2
corresponding to the deleted chord of G2
belong to two components of the boundary of F ′
G2
, then these two boundary com-
ponents of F ′
G2
will merge into one boundary component for F ′
G1
. Thus the number
of disks we have to glue to F ′
G1
to get FG1 is one less than the number of disks
we have to glue to F ′
G2
to get FG2 . Thus χ(FG1) = χ(FG2) and the closed oriented
surfaces FG1 and FG2 have the same genus.
If the two edges of the strip in F ′
G2
corresponding to the deleted chord of G2
belong to the same component of the boundary of F ′
G2
, then this boundary com-
ponent of F ′
G2
will disintegrate into two boundary component for F ′
G1
. Thus the
number of disks we have to glue to F ′
G1
to get FG1 is one more than the number of
disks we have to glue to F ′
G2
to get FG2 . Thus χ(FG1) = χ(FG2) + 2 and the closed
oriented surfaces FG1 has genus one less than FG2 .
In both possible cases the genus of FG1 is less than the genus of FG2 . By
Manturov’s Theorem 1.1 proj(G
D˜
) is obtained from G
D˜
by deleting certain chords.
So the genus of Fproj(G
D˜
) is less or equal to the genus of FG
D˜
. 
3. Equality of the virtual bridge number and of the bridge number
invariants for classical knots
Let us recall the definition of the virtual bridge number following our work with
Byberi [1].
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A bridge in a classical knot diagram D is an arc between two consecutive under-
passes that contains nonzero many over-passes. The bridge number b(K) of a
classical knot K, is the minimum number of bridges in a knot diagram D realizing
K.
Given a Gauss diagram GD, the number of bridges in D can be counted as the
number of circle arcs between two consecutive arrow heads that contain nonzero
many arrow tails. Note that this number is well defined even for the Gauss diagram
G
D˜
of a virtual knot diagram D˜, and we call it the number of bridges in a Gauss
diagram G
D˜
.
3.1. Definition. The virtual bridge number vb(K˜) of a virtual knot K˜ is the min-
imum number of bridges in G
D˜
over all the Gauss diagrams D˜ realizing K˜.
If vb(K˜) = 0, then K˜ is the unknot. There are no classical knots K with
b(K) = 1, but we showed that there are infinitely many different virtual knots K˜
with vb(K˜) = 1, see [1, Theorem 2.5].
Clearly if a virtual knot K˜ is realizable by a classical knotK, then vb(K˜) ≤ b(K),
see [1, page 1]. In [1] we said that it is plausible that for many virtual knots
realizable by classical knots, we have vb(K˜) = b(K). The following theorem says
that this is always true.
3.2. Theorem. If a virtual knot K˜ is realizable by a classical knot K, then vb(K˜) =
b(K).
Proof. Take a virtual knot diagram D˜ realizing K˜ such that the number of bridges
in D˜ equals to vb(K˜). Since vb(K˜) ≤ b(K) to prove the Theorem it suffices to
show that b(K) ≤ vb(K˜).
Assume that a Gauss diagram G1 is obtained from G2 by deleting one chord.
This chord could have participated in the count of the number of bridges in G2 in
one of the two possible ways. Either its arrow head was one of the bridge ends or
its arrow tail was located between two consecutive arrow heads. (There is also an
option that it was not influencing the number of bridges, for example if it did not
intersect any other chords.) In all of these cases the number of bridges in G1 is less
or equal than the number of bridges in G2.
By Manturov’s Theorem the realizable Gauss diagram proj(G
D˜
) represents the
classical knot K and proj(G
D˜
) is obtained from G
D˜
by deleting a certain number
of chords. So the number of bridges of proj(G
D˜
) is less or equal to the number of
bridges of G
D˜
. It is less or equal than vb(K˜) and greater or equal than b(K). Thus
vb(K˜) ≥ b(K). 
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